Abstract-Small cells deployed in licensed spectrum and unlicensed access via WiFi provide different ways of expanding wireless services to low mobility users. That reduces the demand for conventional macro-cellular networks, which are better suited for wide-area mobile coverage. The mix of these technologies seen in practice depends in part on the decisions made by wireless service providers that seek to maximize revenue, and allocations of licensed and unlicensed spectrum by regulators. To understand these interactions we present a model in which a service provider allocates available licensed spectrum across two separate bands, one for macro-and one for small-cells, in order to serve two types of users: mobile and fixed. We assume a service model in which the providers can charge a (different) price per unit rate for each type of service (macro-or small-cell); unlicensed access is free. With this setup we study how the addition of unlicensed spectrum affects prices and the optimal allocation of bandwidth across macro-/small-cells. We also characterize the optimal fraction of unlicensed spectrum when new bandwidth becomes available.
I. INTRODUCTION
Current cellular networks are evolving towards heterogeneous networks (HetNets) to cope with the accelerating demand for wireless data along with variations in mobility and service requirements [1] , [2] . The primary feature of a HetNet is the deployment of multiple types of access infrastructure with different transmission powers, range, and spectral efficiency, such as small-cells targeting local "hot spots." In addition to cellular infrastructure in licensed spectrum allocations, unlicensed services (e.g., WiFi) are an increasingly common alternative for providing users local access. As unlicensed networks and HetNets proliferate, wireless users have greater choice in the type of network they can access. That can in turn affect strategic decisions on the part of the SPs regarding pricing and network resource allocation.
While the introduction of HetNets, and small-cell networks in particular, will increase overall data capacity, network management and resource allocation become more complicated. In particular, an SP must allocate available resources across different cell types (small vs macro) taking into account mobility patterns and demand for different services. That allocation then interacts with pricing strategies that can differentiate among service categories and controls revenue. Resource allocation is further complicated by the existence of unlicensed WiFi networks, which can be viewed both as an additional resource This work was supported by NSF under grant AST-1343381.
for offloading traffic, and as a source of competition for smallcell networks in licensed spectrum. 1 In this paper we study the effect of unlicensed spectrum on resource allocation in HetNets containing large-(macro-) and small-(pico-or femto-) cells. The macro-and small-cells are assumed to be operated by a cellular SP, or multiple competing SPs, using licensed (proprietary) spectrum. To model the demand for different services, we assume two types of users: mobile and fixed. The mobile users must be served by macrocells only, whereas the fixed users can be served by either the macro-or small-cells, or via the unlicensed spectrum. We assume that the SPs charge a price per unit rate to access their network. The macro-and small-cells are viewed as providing two different services, hence the SPs set two corresponding prices for access. There is no access fee for the unlicensed band. In all cases the available rate is split among all users sharing the band. Given this setup, the SPs wish to set prices and allocate bandwidth across the macro-and small-cells to maximize their revenue.
Our model is similar to that presented in our previous work [14] to study bandwidth allocation in HetNets with competing SPs; however, here the main distinguishing feature is the presence of the unlicensed band. Our results show how the unlicensed spectrum affects the SPs' willingness to allocate resources to the small-cell network. Moreover, the model and results can be used to quantify the utility (total welfare) offered by the unlicensed spectrum, and to compare it with that generated by the licensed spectrum taking the strategic decisions of the SPs into account. The introduction of unlicensed spectrum raises several analytical challenges vis-avis prior work (e.g., [14] ). This is due to the expanded set of choices (i.e., for fixed-user association) and also the additional conditions on equilibria due to competition from the unlicensed service.
We now summarize our main results. We first focus on a monopoly SP, and then consider the more complicated scenario with multiple competing SPs. In all scenarios we model the SP and user actions as a two-stage game in which the SPs first partition the licensed band into subbands for the macro-and small-cell networks, and subsequently announce prices for services. The prices then enable the fixed users to determine their network association (macro-/small-/unlicensed). The following results are obtained by analyzing sub-game perfect equilibria, assuming a class of ↵-fair utility functions for tractability.
HetNet Market structure:
In equilibrium the macro-cell network serves only mobile users. Fixed users then associate with either the small-cell or unlicensed network. This applies when the SPs maximize either revenue or social welfare. Hence this association is optimal in the sense of maximizing social welfare. 2 2. Bandwidth allocation with monopoly SP: Comparing bandwidth allocations with and without unlicensed spectrum, when maximizing revenue, a monopoly SP may allocate more bandwidth to small-cells with unlicensed than without. This occurs when the unlicensed network offers a sufficiently low rate (e.g., due to a small amount of unlicensed bandwidth). This seems counterintuitive when the unlicensed network is viewed as an additional resource; however, this is because the presence of unlicensed bandwidth alters the dependence of quantity (users served) with price. In contrast, when the SP maximizes social welfare, it always allocates less bandwidth to small cells with unlicensed spectrum.
3. Equilibrium with competitive SPs: With multiple competitive SPs we prove that there always exists a unique sub-game perfect equilibrium with an associated bandwidth allocation. Furthermore, the equilibrium can fall in one of three categories: (1) all SPs allocate bandwidth to both macroand small-cells ("Macro-Small Nash Equilibrium", or MSNE); (2) a subset of SPs allocate bandwidth to macro-cells only, and the rest allocate to both macro and small cells ("MacroPreferred Nash Equilibrium", or MPNE); and (3) all SPs allocate bandwidth only to macro-cells ("Macro-only Nash Equilibrium", or MNE). Without unlicensed spectrum for our choice of utility functions only the MSNE is possible [14] . Hence the increased competition from the unlicensed network may cause some SPs to give up on small-cells and allocate bandwidth only to the macro-cells. We also consider the asymptotic scenario where the number of SPs goes to infinity and observe that in general, the equilibrium with an arbitrary amount of unlicensed spectrum does not achieve the maximum social welfare. 4 . Dependence of social welfare on the licensed/unlicensed split: For spectrum regulators, such as the FCC, a challenge is determining how much newly available spectrum should be licensed or unlicensed. We use our results to illustrate how the mix of licensed and unlicensed spectrum affects social welfare. This depends crucially on the relative spectral efficiencies associated with the small-cell and unlicensed networks. If the small-cell network has higher spectral efficiency, then allocating the entire bandwidth as licensed maximizes social welfare. Conversely, if the unlicensed network has higher spectral efficiency, then there is an optimal (positive) amount of unlicensed spectrum, which may or may not achieve the maximum social welfare. Furthermore, allocating insufficient unlicensed bandwidth in this scenario can cause the social welfare to decrease below the all-licensed allocation. (This is illustrated in Fig. 5 in Sec. VII.)
Related work on pricing and bandwidth allocation in heterogeneous wireless networks is presented in [3] - [9] . In [3] - [5] small-cell service is an enhancement to macro-cell service, 2 This result was also shown to hold without unlicensed spectrum in [14] . and in [6] - [9] small-and macro-cells provide separate services (as we assume here). Optimal pricing only is studied in [3] , [5] , whereas joint pricing and bandwidth allocation is studied in [4] , [6] - [9] . However, in that work there is a single SP (monopoly) and no unlicensed spectrum.
In [10] - [14] , competition among multiple SPs providing HetNet services is investigated. References [10] , [11] study pricing and service competition with fixed bandwidth allocations, while [12] - [14] study both pricing and bandwidth optimization. However, in [12] , [13] the SPs compete to acquire the spectrum from a spectrum broker, as opposed to optimizing the bandwidth allocation across the different cell types in [14] . The preceding work does not consider any interactions with unlicensed access.
While the preceding work focuses on HetNet deployments using licensed spectrum, the interaction of unlicensed with licensed spectrum in other contexts is considered in [15] - [17] . In [15] an economic analysis of the trade-off between incremental licensed and unlicensed spectrum allocations is presented, which shows that licensed spectrum is the favored option. In [16] , an intermediate model of price competition between two SPs having a fixed licensed part of the spectrum and sharing the remaining part as unlicensed is proposed. It is shown that user welfare increases with the proportion of unlicensed spectrum; however, the overall social welfare decreases, indicating resources are used less efficiently. Reference [17] studies social welfare when unlicensed spectrum is added to an existing allocation of licensed spectrum among incumbent competing SPs. The conclusion is that the social welfare can decrease over a significant range of unlicensed bandwidths. The preceding work assumes that the licensed spectrum supports a single type of service, hence does not consider the associated bandwidth allocation problem studied here. Also, except for [17] , the users are assumed to be homogeneous.
The paper is organized as follows. We introduce our system model in Section II. The price and user association equilibrium for a monopoly SP is presented in Section III. Optimal bandwidth allocation for revenue maximization is discussed in Section IV, and for social welfare maximization in Section V. We then consider multiple competing SPs in Section VI. The dependence of social welfare on the amount of unlicensed bandwidth is discussed in VII, and conclusions are presented in Section VIII. Due to space considerations, all proofs of the main results and several supplemental results can be be found in an on-line full version of this paper [23] .
II. SYSTEM MODEL

A. Network Model
We consider a scenario where there are one or more SPs, each of which has a two-tier cellular network operating in licensed spectrum consisting of macro-cells (with wide coverage) and small-cells (with only local coverage). Macrocells and small-cells are assumed to operate in separate bands.
The assumption of no access charge is made to make the unlicensed as desirable as possible to the users. Users in the network are classified into two categories based on their mobility: mobile users that can only be served by macro-cells and fixed users that can be served by macro-cells, small-cells or WiFi (but not multiple at the same time).
Macro-cells, small-cells and WiFi APs are assumed to be uniformly deployed over a given area. 4 To simplify our analysis we restrict our attention to the case where all SPs have the same infrastructure deployment density. The density of macro-cells per SP is normalized to one and we denote the densities of small-cells and WiFi APs by N S and N U , respectively. Both types of users are also uniformly deployed over the given area, and we assume a large number of users so that we can model them as non-atomic. The density of fixed and mobile users are given by N f and N m , respectively. We assume that each SP i has total bandwidth B i and the macro-cells of SP i can provide a total data rate of
0 , where R 0 is the (average) spectral efficiency and B i,M is the bandwidth allocated to macro-cells by SP i. 5 Similarly, the total available rate in small-cells of SP i and in WiFi APs are defined as C i,S = S B i,S R 0 and C U = U B U R 0 , respectively. Here S and U reflect the rate difference due to the combination of spectral efficiency and deployment density differences in small-cells and WiFi APs compared with macro-cells. Since small-cells generally have a higher spectral efficiency and larger deployment density, we assume S > 1. WiFi APs typically have a higher deployment density but lower spectral efficiency. Therefore, we don't make any assumptions on U .
B. Market Model
Each SP i offers separate macro-and small-cell service. It charges all users of a given service the same price per unit rate, which are denoted by p i,M and p i,S for macro-and smallcell service of provider i, respectively. Of course, other pricing approaches arise in practice such as flat-rate pricing. We focus on per unit pricing in part because it is analytically tractable and in part because, as will be shown in our analysis, it is sufficient for optimizing the total user welfare. Recall, WiFi service is assumed to have no access charge.
The density of users connected to macro-cells and smallcells of SP i and to WiFi are denoted by K i,M , K i,S and K U , respectively. Note that K i,S and K U only consist of fixed users, while K i,M may include both mobile users and fixed users. Additionally, mobile users are assumed to have priority connecting to macro-cells. As a result, macro-cells can only accommodate fixed users if all mobile users have been served.
C. User Optimization
Each user is endowed with a utility function u(r), which only depends on the service rate it gets from any type of 4 Alternatively, we can view small-cells and WiFi APs as being uniformly deployed over "hot spot" areas and restrict fixed users to these areas. 5 Of course the actual rate a SP can provide at any time will depend on many factors such as the channel gains to its users and the scheduling algorithm employed. Here, we view C i as averaging over such effects over a long enough time horizon, which is reasonable for the network planning problems we consider.
service. For simplicity of analysis, we assume that all users have the same utility and we further restrict this to be an ↵-fair utility functions [19] with ↵ 2 (0, 1):
This restriction enables us to explicitly calculate many equilibrium quantities, which appears to be difficult for more general classes of utility. Further this class is widely used in both networking and economics, where it is a subset of the class of iso-elastic utility functions. 6 For a given licensed service, each user requests a rate that maximizes their net payoff W , defined as the difference between their utility and the cost of service, i.e. they solve:
where as described below, the SPs will set the prices p to ensure that the resulting demand can be met. 7 For WiFi service, since there is no access charge, we assume all users simply share the available total rate equally. Since fixed users can choose any one service, they would choose the one with the largest payoff.
For ↵-fair utility functions, (2) has the unique solution:
where D(p) is the user's rate demand function and u 0 denotes the first derivative of u. The maximum net payoff for a user is thus:
D. Service Provider Optimization
Each SP i needs to decide on the bandwidth partition (B i,M , B i,S ) and pricing decisions (p i,M , p i,S ) to maximize its revenue S i , i.e., the aggregate amount paid by all users choosing its macro-and small-cell services. This can be formulated as:
Here the first constraint ensures that the SP can meet the rate demanded by the users, where recall C i,M and C i,S depend on the bandwidth allocation. Note also that K i,M and K i,S will depend on the users associations, which in the case of multiple SPs will depend on the prices and bandwidths chosen by those SPs. Hence, we model the choice of bandwidth allocations and prices as a game played among the SPs. In practice, since bandwidth allocation takes place over a slower time-scale than price adjustments, we view this game as consisting of the following two stages: First, SPs determine their bandwidth allocation between macro-cells and smallcells. Then given their bandwidth allocation, SPs announce prices for both macro-and small-cells. Users then choose the services accordingly based on our association rules.
For such a game we characterize its sub-game perfect equilibrium by first characterizing a user association equilibrium in which SPs set prices given a fixed bandwidth allocation and then study the equilibrium bandwidth allocation based on the results obtained in the first step.
We also consider the choice of bandwidth allocations and prices that maximize the social welfare, i.e. the sum utility over all users. This can be formulated as maximizing
subject to the same constraints for each SP i as in (5) . Here, R i,M , R i,S and R U denote the average service rates per user in each respective service, which in turn depends on the prices and bandwidth allocations.
III. USER ASSOCIATION WITH A SINGLE SP
In this section we study the user association equilibrium given a fixed bandwidth allocation between macro-and smallcells by a single SP. Here we assume the SP maximizes revenue, and consider social welfare maximization in Section V. Since mobile users can only connect to macro-cells, we need only consider the association of fixed users.
Given a fixed bandwidth allocation and annoucned prices, users select their service to maximize their net payoff. For macro-and small-cell service the net payoff for a user is given by (4) . Since W ⇤ (p) is a decreasing function of p, the choice between macro-and small-cell networks, ignoring the unlicensed network, is simply the one with the lower price. For the WiFi service, the users net payoff is simply given by u(
With non-atomic users, it follows that in any user association equilibrium the net payoffs of any services that are used by fixed users must be equal, and any service not used must have a lower net payoff.
The SP adjusts the prices p M and p S to maximize its revenue taking into account the user association equilibrium. 8 Two scenarios are possible: 1. Mixed service: Macro-cells serve both mobile users and a subset of fixed users; 2. Separate service: Macro-cells only serve mobile users.
Theorem 1 (User Association): Given a fixed bandwidth allocation between macro-and small-cells, at the SPs' optimal prices, the market clears, i.e., all users are served, and all rate is allocated. Further, there exists a threshold B S,0 such that if B S < B S,0 , then the mixed service scenario holds. Otherwise, the separate service scenario holds.
For the mixed service scenario, p M = p S , whereas for the separate service scenario p M > p S .
Hence, fixed users choose to associate with macro-cells only when the small-cell bandwidth is sufficiently small. In 8 Here we drop the SP subscript i. equilibrium the mixed service scenario implies that the net payoff to fixed users from connecting to macro-, small-cells and WiFi must be the same, and so we can write
Note here we are using the fact from Theorem 1 that all of the rate is allocated. For separate service the same equality will hold except only for small-cells and unlicensed. With ↵-fair utilities, the rate per user C S K S must satisfy (3) . Using this in the above equations yields the following lemma that gives a useful comparison of the equilibrium rates of each service.
Lemma 1:
In equilibrium fixed users in licensed spectrum (macro-/small-cells) achieve 1  times the average rate of users in unlicensed spectrum where  = ↵ 1/(1 ↵) .
Note that 1/> 1, which accounts for the access price charged in licensed spectrum. Interestingly with ↵-fair utilities this ratio is independent of any system parameters.
Using this quantity  we can express the bandwidth threshold in Theorem 1 as
From Theorem 1, since all users are served we have
Using this and Lemma 1, we have the following explicit expressions for the equilibrium densities of users for each type of service in the mixed service scenario:
Similarly, for the separate service scenario, we have:
IV. BANDWIDTH ALLOCATION WITH A SINGLE SP
We now consider optimal bandwidth allocation given the prices and user association equilibrium in the preceding section. In the mixed service scenario, this is given by:
where the objective is revenue, K M , K S are given in (9), and B S,0 is defined in (8).
In the separate service scenario, the objective becomes
where K M , K S are given in (10) , and the constraint B S B S,0 applies.
Theorem 2 (Monopoly Bandwidth Allocation):
The optimal bandwidth allocation is unique and always corresponds to the separate service scenario.
The optimal bandwidth allocation (B rev S , B rev M ) can be determined by solving the necessary conditions given in Appendix B in [23] . Although the solution must be computed numerically, some general properties are easily established. First, B 
When
That is, as the utility function becomes either linear or logarithmic, the SP always allocates some bandwidth to small-cells.
The optimal bandwidth allocation with no unlicensed spectrum can be determined by setting C U = 0. We will denote all associated quantities with a tilde, i.e., (B 
Furthermore, the SP's revenue is always less with unlicensed spectrum than without.
The last part of Theorem 3 is expected since unlicensed access competes with the SP for fixed users. The first part can be explained as follows. Compared to the case without unlicensed spectrum, when unlicensed spectrum is present if the SP keeps its bandwidth allocation the same, then it will clearly lose revenue as fewer users will use its small-cell service. To improve its revenue it could decrease B S , shifting more resources to mobile users to make more revenue from them or it could increase B S to make its small-cell service more attractive and try to win back some users from the unlicensed network. However, increasing B S also results in a decrease in p S since the service rate per user increases (and a loss in revenue from the mobile users). When C U is small, this decrease in p S is smaller since more users will switch to the small-cells making the second option more attractive. When C U is large enough, fewer users will switch to the small-cells per unit of additional bandwidth, making the first option more profitable.
When ↵ ! 0 + ,  ! 0 + (so that ↵-fair utility function becomes the linear utility function), ⇤ ! 0 + , and therefore, C th U ! 0 + . This implies that the SP should always invest less bandwidth to small-cells compared with the scenario without unlicensed spectrum. However, in this case the SP should still invest almost all bandwidth to small-cells, i.e., B rev S ! B. This is because ↵ = 0 effectively corresponds to maximizing the sum rate. (This can be seen directly from the revenue function.) When ↵ ! 1 , the utility function becomes logarithmic,  ! e 1 , and ⇤ ! 1, so that C th U ! 1. Hence, the SP should allocate more bandwidth to small-cells with unlicensed spectrum. Again, in the limit the SP allocates all bandwidth to small-cells, i.e., B rev S ! B. We can see this by rewriting the revenue function as follows:
For a log-utility function the revenue per mobile user R M u 0 (R M ) and revenue per fixed user R S u 0 (R S ) become constants and are equal. Therefore maximizing revenue is equivalent to maximizing K M and K S . As a result, the SP allocates an arbitrarily small amount of bandwidth to the macro-cells to guarantee that all mobile users are served, and the remaining bandwidth to small-cells to maximize K S . In contrast, with no unlicensed access˜ converges to
V. SOCIAL WELFARE MAXIMIZATION
Now we change the objective function to social welfare and analyze the corresponding prices, user association equilibrium and bandwidth allocation. 
As ↵ ! 0, C sw U ! +1, i.e., in the limiting case of a linear utility function, the SP always allocates some bandwidth to small-cells, even if C U is large. Similar with revenue maximization, this is because this maximizes the total rate. When
(as opposed to infinity for revenue maximization). With no unlicensed spectrum,B sw S > 0 andB sw M > 0. Part 3) in Theorem 4 is due to the additional resources in the unlicensed network. Since fixed users are better off with unlicensed spectrum, to maximize the sum utility over all users, the SP allocates more bandwidth to the macro-cells.
We emphasize that with unlicensed spectrum, Theorems 3 and 4 imply that the optimal bandwidth allocation is different for revenue and social welfare maximization. That is, the corresponding necessary conditions generally have different solutions. In contrast, without unlicensed access, revenue and social welfare maximization give the same bandwidth allocation for ↵-fair utility functions shown in our previous work [9] . Figure 1 shows an example of the optimal bandwidth allocation for different ↵'s as the rate offered by the unlicensed network increases. Curves are shown for both revenue and social welfare maximization. The system parameters are N f = N m = 50, R 0 = 50, and S = 4. For revenue maximization, the curve initially increases for small C U , and then decreases. In contrast, for social welfare maximization, the curve is monotonically decreasing. 
VI. SERVICE COMPETITION AMONG MULTIPLE SPS
In this section we study service competition among N > 1 SPs and investigate the corresponding sub-game perfect equilibrium with unlicensed spectrum. Users choose the service (macro-/small-/unlicensed) which yields the largest net payoff, and they fill the corresponding capacity accordingly. In licensed spectrum, if multiple services offer the same price, then the users are allocated across them in proportion to the capacities. Once a particular service's capacity is exhausted, then the leftover demand continues to fill the remaining services in the same fashion. In unlicensed spectrum, fixed users always get an average rate equal to the total rate divided by the mass of fixed users associated with that network.
We again consider a sub-game perfect Nash equilibrium consisting of (i) A price equilibrium given a fixed bandwidth allocation; and (ii) An optimized bandwidth allocation given that prices are set according to (i). As for the scenario with a single SP, given a set of prices and bandwidth allocations, the user association equilibrium falls in one of two categories: a mixed service equilibrium in which all macro-cells serve both mobile and a subset of fixed users, and separate service equilibrium in which the macro-cells serve only mobile users. The next theorem generalizes Theorem 1 to multiple SPs.
Theorem 5 (Price Equilibrium with Multiple SPs):
Given fixed bandwidth allocations for all SPs, there is a unique price equilibrium which clears the market. Further if
then a mixed service equilibrium holds. Otherwise, the separate service equilibrium holds.
For the mixed service scenario, p i,M = p i,S for each SP i; in the separate service case, all SPs i charge the same p i,M and p i,S , with p i,M > p i,S .
The next theorem characterizes the equilibrium for the bandwidth allocation stage and thus the overall sub-game perfect Nash equilibrium for the game. Before stating this we define the following types of equilibria: A Macro-Small Nash Equilibrium (MSNE) is one where all SPs allocate bandwidth to both macro-and small-cells. A Macro-Preferred Nash Equilibrium (MPNE) is one where some SPs allocate bandwidth to both macro-and small-cells and the remaining SPs allocate bandwidth to macro-cells only. Finally, a Macroonly Nash Equilibrium (MNE) is one where all SPs allocate bandwidth to macro-cells only.
Theorem 6 (Nash Equilibrium): There always exists a unique sub-game perfect Nash equilibrium and it corresponds to the separate service scenario. In the equilibrium fixed users in small-cells achieve a higher average rate than mobile users in macro-cells. Moreover, this Nash equilibrium can only be one of the following types: an MSNE, an MPNE or an MNE.
If there is no unlicensed spectrum, then for the ↵-fair utility function only an MSNE exists and it is always efficient, i.e., maximizes social welfare [14] . Here, the presence of unlicensed access can cause a subset of the SPs to engage in macro-service only. Further, for any number of SPs, it can be shown that, in general, none of the equilibrium categories (including MSNE) are efficient. Figure 2 illustrates the Nash equilibrium regions for two SPs as a function of the available bandwidths B 1 and B 2 . When B 1 and B 2 are sufficiently large, then the equilibrium is an MSNE, whereas if B 1 and/or B 2 become sufficiently small, the equilibrium transitions so that at least one SP serves only mobile users. Hence, for the MSNE case, competing SPs reduce the bandwidth allocation to small-cells when unlicensed spectrum is introduced.
Proposition 3 (MNE Conditions
where B max = max{B i : i 2 N }. For N = 1 (monopoly) this condition yields the threshold in (12) so that the SP allocates no bandwidth to small-cells.
VII. UNLICENSED BANDWIDTH AND SOCIAL WELFARE
In this section we study the effect of increasing unlicensed bandwidth on social welfare. Using the preceding framework, we can determine the specific mix of unlicensed/licensed spectrum such that the market equilibrium yields the same social welfare as that achieved by a social planner. This is motivated by the scenario in which a spectrum regulator, such as the FCC, must determine how much newly available spectrum will be licensed or unlicensed. We assume a total available bandwidth B and consider the following scenarios: 1) Efficient allocation: A social planner determines the bandwidth allocation to macro-cells B M , small-cells B S , and unlicensed network B U that maximizes total utility. We will denote the optimal allocation as B 2) Market equilibrium: Here a social planner determines the bandwidth assigned to licensed spectrum B L and unlicensed spectrum B U . Each of the N SPs operating in licensed spectrum obtains the same portion of total bandwidth B i ⌘ B L N , and then further determines the split of B i between B i M and B i S to maximize its revenue. This scenario corresponds to the more practical setting in which the regulator sets aside part of the available bandwidth as unlicensed, and grants licenses for the remainder. We will denote the bandwidths that maximize social welfare in this scenario as B In the first scenario the social planner determines the bandwidth assignment without explicit pricing. The optimal bandwidth allocation equalizes the marginal utility for mobile and fixed users. It is easy to verify that the efficient allocation corresponds to separate service. In the market equilibrium scenario, we will use the results from Sections IV and VI to determine the optimal bandwidth assignments. We will also present social welfare curves for the asymptotic regime of many SPs, i.e., as N ! 1, for which we will use the characterization below (full version in [23, Appendix G] ). Given newly available bandwidth B, the optimal split into licensed and unlicensed subbands depends on the relative values of S and U (proofs in [23, Appendix I] ). We have the following cases: a) S > U : In this case an efficient allocation by a social planner would assign all spectrum to macro-and small-cells, i.e., there is no unlicensed network. The optimal bandwidth assignment is then:
Proposition 4: If we have
where
. This is also true for the market equilibrium since it is shown in [9] , [14] that without unlicensed spectrum, maximizing revenue is the same as maximizing social welfare for ↵-fair utility functions, independent of N . Hence in this case the market equilibrium achieves the efficient allocation. b) S = U : In this case the social planner only needs to consider the bandwidth assigned to macro-cells; the bandwidth split between small-cells and unlicensed access can be arbitrary. Here the optimal assignment satisfies
where µ S = The bandwidth allocation corresponding to this second optimal assignment, along with the condition for its existence, is
if N 2 or N = 1 and 0 < ↵  0.5.
For N = 1, if ↵ 2 (0.5, 1), then this second optimal point does not exist and the unique optimal bandwidth allocation corresponds to no unlicensed spectrum. All other bandwidth assignments yield lower social welfare. c) S < U : In this case a social planner assigns spectrum to the macro-cell and unlicensed networks only; there is no small-cell network. The optimal allocation is:
. For the market equilibrium, allocating all bandwidth to licensed spectrum no longer achieves the efficient allocation. The only possibility for achieving an efficient allocation, then, is to allocate B opt U to unlicensed access. This achieves the efficient allocation if and only if the corresponding equilibrium is an MNE. The corresponding bandwidth assignment, along with the condition that guarantees its existence are:
if N 2 or N = 1 and 0 < ↵  ↵ 0 , where 0 < ↵ 0 < 1 is the unique solution to  ↵ S U + ↵ = 1. All other bandwidth assignments yield lower social welfare. Also, for N = 1, if ↵ 2 (↵ 0 , 1), then the optimal bandwidth allocation is not efficient. 9 To summarize, in contrast to the results of [9] , [14] , with the addition of unlicensed spectrum it is possible to achieve efficiency only with a specific split of licensed and unlicened spectrum, even as N ! 1 (perfect competition). Moreover, when S < U , the optimal bandwidth assignment (when it exists) is an MNE. We do not plot an example for case a) as it is easily understood. When S > U , all scenarios achieve the maximum social welfare when all bandwidth is allocated to licensed spectrum. This is because when B U = 0, from [9] , [14] 9 The market equilibrium does achieve the efficient allocation when B U = 0 [9] , [14] . Here we have that for the efficient allocation B U > 0.
maximizing revenue is the same as maximizing social welfare for any N .
We make several observations from the figures. First, the three curves corresponding to the market scenarios (N = 1, 2, and N ! 1) all have a "kink", or turning point after which the curves are concave with B U . This corresponds to the transition from an MSNE to MNE (macro-cells only). That is, to the right of the turning point bandwidth is allocated only to macro-cells and unlicensed access, and the social welfare is always concave in B U . For the MNE the social welfare is the same for the three market scenarios, so that the three curves overlap in this region, i.e., when B U becomes sufficiently large. This common strictly concave function gives the sum utility as function of B U if there are no small-cells. It can be extended to all B U 2 (0, B) and has a unique maximizer in (0, B).
When S = U , our results show that for ↵ = 0.5 we have two optimal points. Therefore in Fig. 3 the curves first decrease and then increase to the second optimal point as part of the concave function we previously described. When S < U , with a small amount of bandwidth allocated to unlicensed spectrum, we obtain slightly more rate, but this does not maximize social welfare, and so the social welfare decreases. However, when we increase B U , the fixed users' utility increases with rate, and this effect dominates even though we are not allocating the rate efficiently. As a result, the social welfare goes up again. As B U approaches B, mobile users in macro-cells suffer and therefore the social welfare decreases again. 
VIII. CONCLUSION
We have presented a model for allocating bandwidth in a HetNet with both licensed and unlicensed spectrum, taking into account the pricing strategies of the SPs. Our results characterize the equilibrium allocations assuming that the SPs maximize revenue or social welfare. For a monopoly SP that maximizes revenue, we show that the presence of a small amount of unlicensed spectrum may cause the SP to allocate more bandwidth to its competing small-cell network. However, when maximizing social welfare the SP always allocates less bandwidth with unlicensed spectrum. With multiple competing SPs the (unique) equilibrium is one of three different types, depending on the system parameters, including one in which the SPs do not allocate any bandwidth to a small-cell network (e.g., when the available bandwidth is small). We observe that in general, these equilibria do not achieve an efficient allocation corresponding to the maximum social welfare even when the number of competing SPs is large. In contrast, without unlicensed spectrum the equilibrium is always efficient for the class of ↵-fair utility functions considered here.
We have used this framework to analyze the effect of unlicensed bandwidth on social welfare. If the small-cell network offers higher spectral efficiency than the unlicensed network, then according to our model, allocating all of the bandwidth as licensed is efficient. Otherwise, if the unlicensed network offers higher spectral efficiency, then we observe that there is a unique mix of unlicensed and licensed spectrum that maximizes social welfare, but that mix may or may not be efficient when the licensed spectrum is allocated to revenuemaximizing SPs.
In practice, a newly deployed licensed small-cell network may be based on LTE or WiFi, and the unlicensed (open access) network may be based on WiFi or LTE-U. Given the same density of access points, a managed LTE network would likely have the highest spectral efficiency, in which case, according to our model, allocating bands as licensed will maximize the social welfare. Of course, this assumes that the utility of a band depends only on the offered rate. Advocates of unlicensed spectrum have pointed to other properties, which are not taken into account here, such as lowering barriers to entry and the potential for developing new technologies and business models. 10 Also not taken into account here is investment, which may pose different types of barriers to entry in licensed versus unlicensed spectrum. Incorporating 10 See, for example, [21] . The relative benefits of unlicensed versus licensed spectrum remain controversial, e.g., see [22] . investment within the framework presented here is left for future work.
